Abstract. Let S be the multiplication operator by an independent variable x in L 2 (0, 1) and V be an integral operator of Volterra type. We find conditions for T := S + V to be similar to S and discuss some generalisations of the results obtained to an abstract setting.
Introduction
In the Hilbert space H = L 2 (0, 1), consider the operator S of multiplication by an independent variable, (Sf )(x) = xf (x), and its perturbation T := S + V , where
We assume throughout the paper that the kernel v is Lebesgue measurable on [0, 1] × [0, 1], v(x, t) = 0 if x < t, and that the induced integral operator V is bounded in H.
Operators of similar type appear, e.g., in the so-called Friedrichs model [1, 2] or in polymerisation chemistry, where T describes the evolution of a polymer system near dynamical equilibrium [3] . In both examples the asymptotic behaviour of the group e itT (in particular, uniform boundedness, or Lyapunov stability, of e itT ) is of much importance, which poses a problem of similarity of T to a selfadjoint operator. For the case when v(x, t) = φ(x)ψ(t) for 0 ≤ t ≤ x ≤ 1 and φ, ψ ∈ H this problem was studied in detail in the paper [4] , where the following result was established. Theorem A. Let φψ ≡ 0 and suppose that there exist moduli of continuity ω 1 , ω 2 such that φ ∈ Lip (ω 1 ), ψ ∈ Lip (ω 2 ), and
Then the operator T is similar to a selfadjoint one.
Moreover, a sharp analysis of behaviour of the operator T resolvent near the real axis shows the necessity of condition (2) in the sense that if it does not hold, then the operator T need not be similar to a selfadjoint one; in [4] the corresponding examples are constructed for ω 1 (τ ) = | ln τ | −δ 1 and ω 2 (τ ) = | ln τ | −δ 2 with δ 1 + δ 2 < 1. The main aim of this paper is to find conditions under which the perturbed operator T is similar to the unperturbed operator S. We consider the perturbations V of the general form (1) and follow a line of attack due to Friedrichs [1, Ch. II.6]. Namely, we find sufficient conditions for existence of a bounded operator K with spectral radius r (K) smaller than 1 such that
Our main results are as follows.
Theorem 1. Suppose that the kernel
generates an integral operator W that is bounded in H and has spectral radius r (W ) less than 1/2. Then the operators T and S are similar.
Corollary 2.
Suppose that there exists a function q ∈ L 1 (0, 1) such that w(x, t) ≤ q(x − t) for all x, t, 0 ≤ t < x ≤ 1. Then the operators T and S are similar.
Note that under the assumptions of Theorem A we have
and therefore Corollary 2 applies with q(τ ) = ω 1 (τ )ω 2 (τ )/τ and proves the claim of Theorem A. Corollary 2 also admits kernels v for which the norm v α := ess sup
is finite for some α > 0; see [5, 6] and references therein for related details on similarity of Volterra operators to fractional integration operators. We remark that the results of [4] imply that the condition q ∈ L 1 (0, 1) cannot be weakened. In fact, under our approach V need not be an integral operator of the form (1). We allow V from the algebra A of operators leaving invariant functions with support in [a, 1], for any a ∈ [0, 1), that are majorised in a certain sense. The corresponding concepts are based on the theory of nonnegative operators in a Banach space with a positive cone [7] and are developed in Section 2. Abstract results on similarity of the operators T and S are established in Section 3, and then used to prove Theorem 1 and Corollary 2 in Section 4. Finally, in the last section we comment on some straightforward generalisations of the main results.
Throughout the paper we shall denote by r (T ) the spectral radius of a bounded operator T ; recall that r (T ) = lim n→∞ T n 1/n .
Nonnegative operators and some auxiliary results
We start by recalling some concepts of linear spaces with a positive cone (see, e.g., [7] ). Denote by
the cones of nonnegative elements in H and nonnegative operators in H, respectively. As usual, for any f, g ∈ H and A, B ∈ B(H) we write f ≥ g and A ≥ B if f − g ∈ H + and A − B ∈ B + (H), respectively.
Recall that H + is a generating cone and hence for any f ∈ H the absolute value |f | exists as an element of H + ; in the present context |f | is the function defined by |f |(x) = |f (x)|. The cone B + (H), on the contrary, is not generating and hence the absolute value |A| can not be defined for all A ∈ B(H). We shall point out the class of operators, for which the absolute value is well defined. An operator B is said to majorise A (written B A or A B) if |Af | ≤ B|f | for all f ∈ H. Evidently, A B implies that B is nonnegative, B ≥ λA for all λ with |λ| ≤ 1, and that
shows that A To some extent, the above example is generic as any bounded operator in H is a strong limit of integral operators with continuous kernels. In fact, let r be a smooth nonnegative function such that supp r ⊂ [0, 1] and r = 1. Denote by R ε the integral operator
and for any A ∈ B(H) and ε > 0 put
Moreover, since R ε is a Hilbert-Schmidt operator, A ε is an integral operator with some kernel a ε (see details in [9] ). Denoting by δ ξ (u) := δ(u − ξ) the delta function centered at the point ξ, we see that a ε (x, t) = (A ε δ t , δ x ) = (AR ε δ t , R * ε δ x ) = (Ar ε,t ,r ε,x ), where r ε,t (u) := r ε (u − t) andr ε,x (u) := r ε (x − t) are continuous functions in t and x respectively with values in H, whence the kernel a ε is continuous.
This observation is heavily used to justify the following statement. Proof. Suppose that A ∈ B M (H) and B ∈ M(A) and put A ε = R ε AR ε , B ε := R ε BR ε with the above constructed R ε . Then
for any f, g ∈ H, which implies the inequality
for the corresponding kernels. Denote by A A is clearly a weakly closed subalgebra of B(H). Put
and note that |A| ∈ A + for any A ∈ B M (H) ∩ A.
Remark 5.
Suppose that A ∈ A + and A ε = R ε AR ε , ε > 0. Then A ε is an integral operator with a continuous kernel a ε (x, t) such that a ε (x, t) = 0 for t > x. Therefore A ε is a Volterra operator (see, e.g., [10, Sect. 68] and A is a strong limit of a sequence of Volterra operators.
The above remark implies the following result. 
and [S, W ε ] V ε , where W ε = R ε W R ε . It follows that the kernels v ε and w ε of the operators V ε and W ε satisfy the inequality
in particular, V ε ∈ A. Denote by K (ε) the integral operator induced by the kernel v ε (x, t)/(x − t). By the above inequality K (ε) is a bounded operator belonging to the algebra A, K (ε) W ε , and [S, K (ε) ] = V ε . Therefore the norms K (ε) are bounded uniformly in ε > 0 and there exist a bounded operator K and a sequence ε n → 0 such that K (εn) converge weakly to K as n → ∞. Passing to the limit ε n → 0 in the relations
W ε we find that K solves the equation [S, K] = V and satisfies K W . The proof is complete.
2
Lemma 6 and the assumptions of the corollary, Lemma 7 applies with W |U| and V U instead of W and V , and the claim follows. 2 Theorem 9. Suppose that V ∈ A and that there exists an operator W ∈ A + such that r (W ) < 1 and [S, W ] V . Then the equation
Proof. We shall seek for K of the form
where K n are found recursively from the relations
with K 0 := I. In virtue of Lemma 7 and Corollary 8 we find successively K n ∈ A, n = 1, 2, . . . , such that K n W |K n−1 | W n . Therefore K n ≤ W n , which shows that the series ∞ n=1 K n converges absolutely in the uniform operator topology and its sum K satisfies the equality
The theorem is proved. Proof. Observe that the solution K constructed in the proof of Theorem 9 satisfies the inequality K
−1 , and it suffices to note that r 
Proof of the main results
Proof of Theorem 1. It suffices to notice that the assumptions of Theorem 9 and Corollary 10 are satisfied for the integral operator W with the kernel w(x, t) := |v(x, t)| x − t . Proof. We prove first that W is bounded in H. In fact,
whence W ≤ q 1 by the Schur test [9, Theorem 5.2]. Next, put
Then the induced integral operator W (m) is a Volterra operator in H (see, e.g., [10, Sect. 68] ) and
as m → ∞ in view of q ∈ L 1 (0, 1) and the above arguments. Therefore W is a Volterra operator as well and the lemma is proved. 2
Corollary 2 now easily follows from Theorems 1 and 11.
Some generalisations
In this section, we comment on some straightforward generalisations of the main results. Observe first that the arguments of Sections 2 and 3 work for the Banach space L p (a, b) with −∞ ≤ a < b ≤ ∞ arbitrary and any p ∈ [1, ∞). Next, S can be replaced by the multiplication operator by any increasing function φ(x). The analogue of Theorem 1 reads as follows.
Theorem 1
′ . Suppose that φ strictly increases on (a, b) and that the kernel w(x, t) := v(x, t) φ(x) − φ(t) induces a bounded integral operator in L p (a, b) of spectral radius less than 1/2. Then the operators S of multiplication by φ and T := S + V , where
are similar in L p (a, b). In particular, S and T are similar if w(x, t) ≤ q(x − t) for some q ∈ L 1 (a, b).
Observe also that most results of the paper hold in an arbitrary Banach lattice X of functions over (a, b) [11] provided the identity operator in X is the strong limit of integral operators with continuous kernels.
Remark. After this paper was finished, M. M. Malamud drew our attention to his note [12] , where the statements of Theorem 1 (under the assumption r (W ) = 0) and Corollary 2 were announced without proof.
